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Abstract
We calculate small correction terms to gravitational potential on Randall-
Sundrum brane with an induced Einstein term. The behaviors of the correction
terms depend on the magnitudes of AdS radius k−1 and a characteristic length
scale λ of model. We represent the gravitational potential for arbitrary k and λ
at all distances.
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1
Braneworld is based on the assumption that our four-dimensional world is embedded
in higher-dimensional world. This framework shed light on an interpretation of the
four-dimensional gravity, for instance, it is expected that weakness of the gravity we
can feel should be explained by extra dimensions. In particular, it should be noted
that localization of gravity occurs on a brane embedded in five dimensions. Recently
two localized gravity models have been proposed. In the Randall-Sundrum model
[1, 2], extra dimension is non-compact, localization of gravity occurs on a flat 3-brane
embedded in five-dimensional anti-de Sitter space [3, 4]. This is because zero mode of
gravity becomes a bound state due to attractive force via positive tension brane. It is
pointed out that the usual four-dimensional Newton law can be reproduced at distance
which is larger than a radius of AdS space. There have been several works with regard
to localization of gravity on the brane in AdS space [5, 6, 7, 8].
Model proposed by Dvali, Gabadadze and Porrati (DGP model) [9] consists of a
3-brane embedded in five-dimensional Minkowski with infinite fifth dimension. Taking
account of the induced four-dimensional Einstein term via quantum loop effects due
to particles on the brane [9, 10, 11], it is shown that gravitational potential becomes
the usual Newton law (∼ 1/r) at short distance and five-dimensional law (∼ 1/r2) at
large distance.
In [12] it is shown that the effects of an induced Einstein term on a 3-brane em-
bedded in AdS background play an important role in the modification of gravitational
potential. Choosing appropriate value of radius of AdS space, the five-dimensional
gravity appears at intermediate distance and the four-dimensional gravity can be re-
covered at other distance.
The purpose of this letter is to investigate the behavior of gravity in above model.
Although the contributions to Newton law of Kaluza-Klein modes are calculated in
[12], in more detail, we calculate the exact form of correction terms to Newton law.
Moreover we estimate the correction terms for the region of AdS radius which is not
studied in [12]. Since the detection of deviation from Newton law is performed by
gravitational experiments at the present [13], it is important to estimate the correction
terms.
The low energy effective action we consider is given by
S =
∫
d4xdy
√−G
(
M35
2
R− Λ
)
+
∫
d4x
√−g
(
M24
2
R − V
)
, (1)
where M5 is the five-dimensional scale and M4 is the four-dimensional scale. Here Λ
stands for negative bulk cosmological constant and V is brane tension. From (1) we
can obtain the Einstein equation as follows
RMN − 1
2
RGMN + Λ
M35
GMN + λδ(y)
(
Rµν − 1
2
Rgµν +
V
M24
)
δµMδ
ν
N = 0 , (2)
where λ = M24 /M
3
5 , we adopt indices as M,N = 0, 1, 2, 3, 4 and µ, ν = 0, 1, 2, 3. It is
assumed that the fifth dimension y is non-compact with Z2 symmetry y ∼ −y. The
2
ansatz for metric is taken as follows
ds2 = a2(y)ηµνdx
µdxν + dy2 , (3)
where a(y) is warp factor. Solving the Einstein equation, we obtain warp factor and
brane tension, namely, a(y) = e−k|y| and V = 6M35k, where k =
√
−Λ/6M35 .
In order to study the behavior of the gravitational potential on the brane, the grav-
itational fluctuations around the background metric are given by ηµν+hµν(x, y). Here,
for simplicity, the tensor structure of gravity is neglected. Performing replacement
of hµν(x, y) = hµν(x)a
−3/2(y)ψ(z) imposed by ek|y| = 1 + k|z|, the wave equation for
fluctuation is given by
[
− d
2
dz2
+
15
4 (|z|+ k−1)2 −
(
3k + λm2
)
δ(z)
]
ψ(z) = m2ψ(z) , (4)
where m2 is the four-dimensional mass which corresponds to the Kaluza-Klein mode.
Note that z coordinate becomes the conformally flat coordinate. The potential part
of above equation is as same as one of the RS model, however, delta function part is
explicitly different. This difference comes from localized kinetic term on the brane via
induced gravity. From (4) the zero mode wave function ψ0(z) can be normalizable, and
we obtain ψ0(z) = k
−1(|z|+ k−1)−3/2. Furthermore the wave function with KK-modes
can be expressed in terms of linear combination of the Bessel functions as follows,
ψm(z) =
√√√√√√m
(
|z|+ 1
k
)
1 + A2(m)
{
Y2
(
m
(
|z|+ 1
k
))
+ A(m)J2
(
m
(
|z|+ 1
k
))}
, (5)
where
A(m) = −
2Y1
(
m
k
)
+ λmY2
(
m
k
)
2J1
(
m
k
)
+ λmJ2
(
m
k
) . (6)
Here A(m) is determined by the jump condition due to delta function at y = 0 and the
normalization factor is fixed by the orthonormalization condition of Bessel functions.
Since we are interested in the correction terms to the four-dimensional Newton law
between two unit masses on the brane, it is necessary to obtain the probability of
gravity with KK-modes on the brane. From (5) we get
ψ2m(0) =
16
pi2
k
m
[
4
{
J21
(
m
k
)
+ Y 21
(
m
k
)}
+ λ2m2
{
J22
(
m
k
)
+ Y 22
(
m
k
)}
+4λm
{
J1
(
m
k
)
J2
(
m
k
)
+ Y1
(
m
k
)
Y2
(
m
k
)}]−1
. (7)
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Here we used the Lommel’s formula Jν+1(x)Yν(x)−Jν(x)Yν+1(x) = 2/pix. The asymp-
totic behavior of ψ2m(0) depends on the magnitude of argument in the Bessel functions,
consequently, (7) is expressed as
ψ2m(0) ∼


8
pi(4 + λ2m2)
m≫ k
m
k(1 + λk)2
m≪ k .
(8)
Above equations can be derived by using the asymptotic form of Bessel functions,
Jn(x) ∼
√
2/pix cos(x − (2n + 1)pi/4) and Yn(x) ∼
√
2/pix sin(x − (2n + 1)pi/4) for
x ≫ 1, Jn(x) ∼ xn/2nn! and Yn(x) ∼ −pi−1(2/x)n for x ≪ 1. The gravitational
potential between two unit masses on the brane is expressed as
V (r) =
M−35
r
ψ20(0) + ∆V (r) , (9)
where the first term is contribution of zero mode and the second term corresponds to
the correction term which is generated by the exchange of KK-modes. Thus ∆V (r) is
given by
∆V (r) = M−35
∫ ∞
0
dm
e−mr
r
ψ2m(0) . (10)
According to (8), it is necessary to divide the integral into two regions, m ≪ k and
m≫ k. Consequently we can get
∆V (r) ∼ M−35
{
1
r
∫ k
0
dm
me−mr
k(1 + λk)2
+
1
r
∫ ∞
k
dm
8e−mr
pi(4 + λ2m2)
}
. (11)
From (9) and (11), Newton law of zero mode plus KK-modes is calculated as follows
V (r) ∼ M
−3
5 k
r
(
1 +
1
k2(1 + λk)2
1− (1 + kr)e−kr
r2
+
4
piλk
Re
[
ie−i
2r
λ Ei
(
i
2r
λ
− kr
)])
,
(12)
where Ei(−x) = − ∫∞x dt e−t/t is exponential integral function. Thus we can obtain
the form of gravitational potential at arbitrary distance r. The asymptotic behavior
of V (r) depends on the magnitude of λk. Below we consider the three cases λk ≫ 1,
λk ≪ 1 and λk ∼ 1, separately.
For λk ≫ 1, we can get approximately the form of V (r) at distance r as follows,
V (r) ∼


M−35 k
r
(
1 +
1
(λk2)2r2
)
∼ M
−3
5 k
r
r ≫ k−1
M−35 k
r
(
1 +
4
piλk
(γ + log(kr)) sin
2r
λ
)
∼ M
−3
5 k
r
r ≪ k−1 ,
(13)
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where γ ∼ 0.577 is the Euler-Masceroni constant, and we used Ei(−x) ∼ γ + log x
for x ≪ 1. Note that the effective four-dimensional Planck scale can identified with
M2p ∼ M35 /k. Thus the leading correction term behaves as r−2 at large distance and
has logarithmic behavior at small distance. Since the correction terms are sufficiently
suppressed, gravity behaves as four dimensions at whole range of r.
For λk ≪ 1, from (12), we get
V (r) ∼ M
−3
5 k
r
{
1 +
1− (1 + kr)e−kr
k2r2
+
4
piλk
[
ci
(
2r
λ
)
sin
(
2r
λ
)
− si
(
2r
λ
)
cos
(
2r
λ
)]}
, (14)
Here we used the formula Ei(ix) = ci(x) + isi(x), where ci(x) = − ∫∞x dt cos t/t and
si(x) = − ∫∞x dt sin t/t. At distance r the forms of V (r) are given by
V (r) ∼


M−35 k
r
(
1 +
1
k2r2
+
2
pikr
)
∼ M
−3
5 k
r
r ≫ k−1
M−35 k
r
(
1 +
2
pikr
)
∼ M
−3
5
r2
λ≪ r ≪ k−1
M−35 k
r
(
1 +
2
λk
+
4
piλk
[
γ − 1 + log
(
2r
λ
)]
2r
λ
)
∼ M
−3
5 λ
−1
r
r ≪ λ .
(15)
Using ci(x) ∼ γ+log x , si(x) ∼ x−pi/2 for x≪ 1 and ci(x) ∼ sin x/x , si(x) ∼ − cosx/x
for x ≫ 1, above equations can be derived. In the case of intermediate distance λ ≪
r ≪ k−1, since the contributions of KK-modes with m ≫ k can be dominant, gravity
behaves as five dimensions. At distance r ≫ k−1 and r ≪ λ, the four-dimensional
Newton law can be reproduced. Moreover the effective four-dimensional Planck scale
can be identified with M2p ∼M35 /k for r ≫ k−1 and with M2p ∼M35λ =M24 for r ≪ λ.
Above results are consistent with [12].
For a specific case, we choose λk = 2. Consequently, V (r) is taken the following
form for r ≫ k−1 and r ≪ k−1,
V (r) ∼


M−35 k
r
(
1 +
9
k2r2
+
e−kr
pikr
)
r ≫ k−1
M−35 k
r
(
3
2
+
2
pi
(
γ − 1 + 1
2
log 2 + log kr
)
kr
)
r ≪ k−1
. (16)
Thus gravity behaves as four dimensions at whole range of r. The behaviors of the
correction terms at large distance are different from ones at small distance.
In summary we calculated the correction terms to Newton law on the 3-brane with
an induced Einstein term in AdS background. The behavior of gravity depends on
the magnitudes of AdS radius k−1, a characteristic length scale λ and distance r.
5
Remarkably, for λk ≪ 1 the five-dimensional gravity appears at intermediate scale
λ ≪ r ≪ k−1. For λk ≫ 1 and λk ∼ 1 gravity behaves as four dimensions at whole
distance, however, the behaviors of correction terms at large distance are different from
ones at small distance.
Since the possibility of theories with extra dimensions is indicated, the experiments
of searching for the presence of extra dimensions are increasingly performed. From
recent gravitational experiments, it is found that the gravitational force r−2 law is
maintained up to 0.218mm [13]. However, it is unknown whether r−2 law is violated or
not at micrometer range. In near future, it is expected that the sophisticated equipment
of gravitational experiment will confirm small correction terms shown in (13), (15) and
(16).
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